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Triangles



20

84

LLES025ENSE2EURWT3 - PAGE 84

Adding the Interior Angles of a Polygon

What is the sum of the interior angles of this polygon?

Complete the following table:

58 - Welcome Back, Triangles

Polygon Number of sides Sum of the interior angles
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What other triangles with integer lengths and a perimeter of 21 cm can you make?

Based on an integer triangle with a 21 cm perimeter, can you find another one with a 

14 cm perimeter that is similar?

Revisiting Triangles

Construct the triangle with a ruler and compass. Then, take the 

necessary measurements to find its angles and area.

Sides: 5 cm, 7 cm, and 9 cm.
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Reflecting on Triangles

What ideas about triangles have we retrieved?
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1.	Calculate the missing interior angles in each shape:

2.	Take the necessary measurements for this triangle to answer the following questions.

a)	 What is the value of the missing angle? 
Check that the sum of the interior angles 
is 180°.

b)	 What is the triangle’s perimeter? And how 
about its area?

3.	Calculate the missing interior angles in each 
shape:

4.	Follow these steps to construct a triangle 
using drawing instruments:

I.	 Draw an 8 cm segment and label the ends 
A and B.

II.	 Draw a circle of radius 4cm at end A.
III.	 Draw a 29° angle with center at B and 

make a mark.
IV.	 Draw a segment from end B that passes 

through the previous mark to reach the 
circumference from step II.

V.	 Form a triangle with vertices A, B, and 
the point where the 29° angle intersects 
the circumference.

a)	 Measure the other two angles. Then, 
check that the sum of tthe triangle's 
interior angles is 180°.

b)	 Calculate the perimeter and area of the 
triangle you constructed.

Remember that angles of the same color have the same value.

Remember that angles of the same 
color have the same value.
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4𝑝 4𝑝

5𝑝 5𝑝

90

58

LLES025ENSE2EURWT3 - PAGE 90

5.	Calculate the missing interior angles in the 
shape:

6.	Construct a triangle that has:
•	 One 6 cm side.

•	 A 150° angle adjacent to the 6 cm side.

•	 An area of 9 cm2.

What do the other angles measure? 
What about the other sides?
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Comparing Shapes

How are these shapes similar and how are they different?

How could you easily calculate the area of any square 

represented on a standard geoboard?

Represent other inclined squares where 𝑣 = 1 u and complete the following table:

59 - Inclined Squares

Horizontal movement 
(u)

Vertical movement 
(u) Area of the inclined square (u2)

Exploring Inclined Squares
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Explore different cases. Can you find a general rule to calculate the area of any inclined 

square on the geoboard?
Ho

riz
on

ta
l

Vertical

1 2 3 𝑣
1
2
3
4

h
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Practicing with Squares

1.	 On the geoboard, represent a square whose area is equal to…

a)	36 u2.

b)	37 u2.

c)	 a prime number smaller than 100.

d)	43 u2.
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1 u 1 u

1 u

1 u

1 u 1 u

a)	 b)	

c)	     

a)	 b)	
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1.	Calculate the area of the following shapes:

2.	On a grid, represent a square whose area is 
equal to… 	

a)	20 u2.

b)	25 u2.

c)	 27 u2.

3.	Calculate the area of the following shapes:

4.	Justify whether the following statements 
about representations on a grid are true or 
false, bearing in mind that:
•	 The vertices of the shape must coincide 

with the intersections of the grid.

•	 Each square on the grid has 1 u sides.

a)	 More than one square with an area of 
85 u2 can be formed.

b)	 A square with an area of 86 u2 can be 
formed.

c)	 No inclined squares with an area of 89 u2 
can be formed.

5.	Calculate the area of the following shape. Do 
it in two different ways.

6.	Find all the rectangles with an area of 20 u2 
that can be represented on a grid. How 
many of them are inclined?

Note that the vertices of the square have to 
coincide with the intersections of the grid and 
that each little square on the grid is 1 u long.

Note that the vertices of the square have to 
coincide with the intersections of the grid and 
that each little square on the grid is 1 u long.
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Analyzing Triangles with Toothpicks

What do you notice?

What are you asking yourselves?

With 7 toothpicks, we can only get two triangles, and 

both are isosceles. What can we get with 10 toothpicks?

Explore how many triangles you can form with 7 up to 14 toothpicks. Then, classify them 

according to their sides.

60 - Triangles with Toothpicks

Exploring Inclined Squares

Number of 
toothpicks

Number of 
triangles Scalene triangles Isosceles triangles

Percentage 
of isosceles 

triangles (%)
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What do you notice? Based on these cases, what conjectures can you come up with?

Analyzing the Conjectures

Explore other cases to validate or refute the conjectures suggested.

•	 With fewer than 7 toothpicks.

•	 With more than 14 toothpicks.
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1.	Graphically represent a 45° angle at end A 
of the segment to construct a triangle with a 
6 cm side and two 45° angles.

Then:
•	 Classify it according to its sides and 

angles.
•	 Calculate its perimeter and area.

2.	Follow the construction process below using 
a ruler and compass.

3.	Look at the triangle below:

a)	 Complete the table indicating the order 
in which you would use each instrument 
to form the triangle above.

You can use an instrument more 
than once or not at all.

Draw a 9 cm segment.

Mark an angle measuring 90° going 
clockwise at one of the ends.

Draw a ray that starts at the end 
of the segment used to calculate 

the angle and that passes through 
the mark you made in the previous 

step.

Mark an angle measuring 45° going 
counterclockwise at one of the ends.

Draw a ray that starts from the 
same end and that passes through 
the mark from the previous step.

Identify the points where the two 
rays cross.

Draw a polygon with the ends of the 
initial segment and the intersection 

of the rays.

•	 What can you say about the shape 
obtained? 

•	 Compare it with the triangle in 
Activity 1. What do you notice?

Description of the 
instrument

Order of 
use

Circumference given the 
center and radius

Point of intersection

Segment of 
a given length

Polygon

Ray

Angle of a given size

Segment

b)	 Classify the triangle according to its 
angles and sides.

c)	 Calculate the perimeter and area of the 
triangle.

d)	What other triangles with the same 
angles and a 5 cm side can you form? 
What do you notice?

Description of the instrument
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50°

30° 𝑥
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4.	Look at the triangle below:

Choose a value for 𝑥. Then:

a)	 Construct the triangle with a ruler and 
compass and classify it according to 
its sides and angles. Then, calculate its 
perimeter and area.

b)	 What triangles similar to the previous 
one and with a side of length 𝑥 can 
you form? What is the similarity ratio 
between the large triangle and the 
smaller one?
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Forming Triangles with Squares

We want to form different triangles using squares 

with integer areas from 1 to 15. For example:

Form other triangles in a similar way using the 

squares from the resource.

What triangles have you formed?

Do you notice any relationship between the triangles you formed?

61 - The Great Discovery

Studying Triangles with Squares
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Classify the triangles below. What do you notice?

Pythagoras’ Theorem

Reflecting on the Observed Relationships

•	 Can you classify a triangle without 

taking measurements if you know 

the areas of the squares that form 

it?

•	 Can you find the relationship 

between the areas of the squares 

that form a triangle based on the 

triangle’s classification?
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1 ua)	  b)	  c)	  

36 u2

25 u2

16 u2
9 u2

9 u236 u2

16 u2

 u2

1 u

a)	  b)	  c)	  

4 u2

36 u2

16 u2

16 u2

25 u2
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1.	Classify the following triangles according to their sides and angles:

3.	Classify the following triangle according to 
its sides and angles:

2.	In each case, calculate the area of the missing square:

4.	Louaye is forming triangles using the sides 
of squares with integer areas between 1 u2 
and 50 u2. If he formed an obtuse-angled 
triangle, what areas could be hiding under 
the blot? Justify your answer.



···

 u2

49 u2

1 u
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Keep in mind that the triangle is just 
a sketch; that is, the angles and sides 

represented may vary.

5.	Amalia is forming triangles with the sides of squares 
with integer areas between 1 u2 and 100 u2. 

a)	 If one of the two squares on the grid has 
an area of 49 u2, what is the area of the 
other one?

b)	 What areas could be hiding under the 
blot? Justify your answer.

c)	 Classify the triangles that can be formed 
according to their sides and angles.
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Puzzle 1

Puzzle 2

Creator: Al-Nayrīzī (865–922), Persian 
mathematician and astronomer. He wrote 

commentaries on Euclid’s Elements. He also 
wrote a detailed treatise on the spherical 

astrolabe, considered one of the best Persian 
works on the subject.

62 - Pythagoras Puzzle

 
 

Creator: Henry Perigal 
(1801–1898), a 

British stockbroker 
and passionate 

mathematics 
and astronomy 

enthusiast. He was so 
satisfied with his geometric 
justification of Pythagoras’ 

theorem that he had it inscribed 
on his tombstone. This specific case is a 

variant of the original.
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Puzzle 3

Puzzle 4

Creator: Johannes Eduard Böttcher 
(1847–1919), a German physicist who 
devoted much of his research to pure 
mathematics. In 1886 he published 
an article in which he proposed the 

following Pythagorean puzzle.

Creator: Liu Hui (220–280), a Chinese 
mathematician who, in the year 263, 
published a commentary on The Nine 
Chapters on the Mathematical Art. 
This is the most famous Chinese 

mathematics book, which served as a 
foundation for generations to come.
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Puzzle 3

Puzzle 1

Puzzle 4

Puzzle 2
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a)	  

b)	  

c)	  

a)	  

b)	  
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1.	For each triangle, calculate the lengths of 
the sides and the areas that are missing. 
Then, classify them according to the angles:

2.	Complete the following puzzle:

A.	 Side = 
Area = 64 u2

B.	 Side =  
Area = 36 u2

C.	 Side = 
Area = 100 u2

A.	 Side = 
Area = 25 u2

B.	 Side =  
Area = 9 u2

C.	 Side = 
Area = 34 u2

A.	 Side = 7 u 
Area =

B.	 Side = 9 u 
Area =

C.	 Side = 
Area = 121 u2

A.	 Side = 10 u 
Area =

B.	 Side = 
Area = 40 u2

C.	 Side = 
Area = 144 u2

a)	 Calculate the area of each color. 
b)	 Color in the pieces in the other two squares. Is 

Pythagoras’ theorem satisfied for the right triangle 
represented?

c)	 What relationships do you notice between the pieces?

3.	For each triangle, calculate the lengths of 
the sides and the areas that are missing. 
Then, classify them according to the angles:

4.	Solve the puzzle by coloring in the pieces in 
the large square: 

What relationships do you notice between the pieces?

A.	 Side = 5 u 
Area =

B.	 Side = 6 u 
Area =

C.	 Side = 8 u 
Area =
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5.	Look at the shape below: a)	 With the pieces above, can you form 
two squares without leaving any gaps? 
Represent them on the grid, forming a 
straight angle between two of the sides. 

b)	 Join the vertices of the sides adjacent to 
the right angle to form a right triangle. 
What are its dimensions?

c)	 Can you color in the pieces so that they 
form a square on the longest side of the 
right triangle?



119

62

LLES025ENSE2EURWT3 - PAGE 118 LLES025ENSE2EURWT3 - PAGE 119



120

LLES025ENSE2EURWT3 - PAGE 120

Introducing the Terms “Leg” and “Hypotenuse”

In a right triangle...

Draw a right triangle with legs measuring 

2.8 cm and 9.6 cm.

What is the area of this right triangle? And 

how about its perimeter?

Calculate the area and the perimeter of the following triangle:

63 - The Unknown Side

7.2
 cm

5.4 cm



A . B .3 cm 4 cm

5 cm

5 cm
5 c

m 5 cm

9 cm
12 cm
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Practicing How to Calculate Lengths

Comparing Shapes

How are these two shapes similar and how are they different?

1.	 Check whether the following statements are true or false:

a)	 If one rectangle has a greater area than another, then its perimeter is also greater.

b)	If one rectangle has a greater perimeter than another, then its diagonals are also 

longer.

c)	 If one rectangle has longer diagonals than another, then its area is also greater.
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1.	With 11 toothpicks, you can form the following integer triangles: 

4.	Marta is forming integer triangles using 
toothpicks. If we know only two of the three 
sides: 

5.	Calculate the area and the perimeter of the 
following trapezoids:

2.	Calculate the area and the perimeter of the 
following right triangles:

3.	Irene has a 3 m ladder. When leaning 
it against the wall, the bottom part is 
separated by a distance of 0.5 m. At what 
height is the top part?

Which triangles could she have formed? 
Classify them according to the sides and 
angles.

6.	A zip line that goes from a tree to the ground is being designed for an adventure park. The end of 
the zip line is 36 m from the tree, and the zip line can be tied to the tree at a height between 2 m 
and 4 m above the ground. 
What is the minimum and maximum possible length of the zip line?

Classification

Triangle By sides
By angles

(using Pythagoras’ theorem)

{2, 4, 5}

{1, 5, 5}

{3, 3, 5}

{3, 4, 4}

0.5 m3.2 cm

5.6 cm
12.6 cm

13.4 cm

11.2 cm

2.8 cm

Complete the table and explain how you did it.
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7.	Sofia has constructed the following triangle:

9.	When Alex stands underneath the kite he is 
between 2 m and 3 m away from the stone, 
depending on how the wind is blowing. What 
is the minimum and maximum height at 
which the kite can fly above the ground?

Then, she takes away a toothpick from one of 
the sides and adds it to another. She repeats 
the process, taking a toothpick away from 
the shortest side and adding it to the longest 
one, until a triangle can no longer be formed.

What triangles was she able to form? 
Classify them according to the angles.

8.	Calculate the area and the perimeter of a 
rhombus whose diagonals measure 32 cm 
and 15.6 cm.

3.5 m
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A.	

1 u

D.	

B.	

E.	

C.	

F.	 G.
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Calculating Distances on the Geoboard

Andrea has put the following triangles in ascending order based on their perimeter:

Leo says that he found another triangle whose perimeter is between 4 u 

and 5 u. Between which triangles do you think Leo’s triangle should be 

placed? Find it.

Calculate the perimeters of all the triangles. Does the order of the triangles change if you 

put them in ascending order based on their area?

64 - Pythagoras in Context (I)



H
D

C

B

A
G

F

E
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Practicing How to Calculate Distances

Calculating Distances on the Coordinate Plane

Compare the parallelograms according to their perimeter.

Write down the coordinates of each vertex, which are shown in the projectable.

1.	 The following segment corresponds to one of the diagonals of a rectangle:

a)	 How long is the segment?

b)	What rectangles can you form using the segment as a diagonal? Find two different 

rectangles and calculate their perimeter.
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D
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1.	Calculate the perimeter of the following quadrilaterals:

a)	 Square b)	 Rectangle c)	 Rhombus

2.	For each shape, calculate:
•	 The lengths of segments AB, BC, CD, and DA. What kind of quadrilateral is it?
•	 Its perimeter.

3.	Draw the indicated quadrilaterals in such a way that:
•	 All of them are different.
•	 None of their sides are parallel to the geoboard’s grid.
Then, calculate the perimeter of each one.

4.	Look at the following points and solve the sections.	

a)	 Verify that: 
•	 Point A is the same distance from point B as it is from point D.

•	 Point C is the same distance from point B as it is from point D.

b)	 What is the perimeter of quadrilateral ABCD? 



···

B

A
C
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5.	Draw two different right triangles with one 
side that measures �10 .

6.	What coordinates could point D have for 
quadrilateral ABCD to be a parallelogram? 
Calculate the perimeter.
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65″

200 cm
75 cm

132

LLES025ENSE2EURWT3 - PAGE 132

Exploring New Distances

Mica wants to buy a 65″ TV and shows the 

following dimensions to the seller, who assures her 

that it will fit in the furniture space. 

Is this true? 

What possible dimensions can a 65″ TV have?

65 - Pythagoras in Context (II)

Comparing Dimensions

How far is Marta from the station?

Station

Marta

2.9 m



95 cm

90 cm

75 cm

 cm

 cm
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Finally, Mica has bought this TV:

As the seller cannot find the original box, he offers her the one below:

Will Mica be able to place her TV inside the box?
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Practicing How to Calculate Lengths in Contextualized Situations

1.	 Come up with a statement that can be solved using Pythagoras’ 

theorem. The answer should be: “The streetlight is 6 m tall.”
7.5 m7.5 m
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2 m

4 m 2 m
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1.	The height of a football goal is 2.4 m, and 
the distance from the penalty area up to the 
goal line is 11 m. In a straight line, how far 
does a ball that is kicked from the penalty 
area and hits the mid-point of the goal’s 
crossbar travel?

3.	A group of friends has bought the following 
tent:  
Tent height: 2 m 
Length of the rope that goes from the base 
to the crossbar: 2.5 m 
How wide is the tent?

2.	A 14.5 m tree has fallen onto a building that 
is 10 m away. At what height does it touch 
the building?

4.	A boat has traveled 1.6 km north and then 
800 m east. How much less would it have 
traveled if it had moved in a straight line up 
to the same end point?

a)	 Write down the solution step by step.

b)	 If the water completely covers the 
paintbrush and three quarters of the jar, 
how tall is the jar?

6.	For a zip line to work properly, it must have 
a slope measuring between 12.5 m and 
25 m. Also, the distance from one pole to the 
other must be between 250 m and 275 m. If 
Monica starts at the first pole at a height of 
50 m, what is the upper and lower bound for 
the length of the zip line’s wire?

7.	Come up with a statement that can be solved 
using Pythagoras’ theorem. The answer 
should be: “The swing set’s crossbar is at a 
height of 2.5 m.” 

Write down the solution step by step.

2.4 m

14.5 m

12.5 m

5.	Come up with a statement that can be solved 
using Pythagoras’ theorem. The answer 
should be: “The paintbrush is 17.5 cm long.”
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2𝑥 − 4 = 17 𝑥 + 9 2𝑥 − 4 = 3(𝑥 + 1) − 𝑥

2𝑥 − 4 = 3𝑥 + 3 − 𝑥

2𝑥 − 4 = 2𝑥 + 3
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Unknowns
(Unknown quantity that we’re looking for)

Variables
(Quantity that varies)

EXPRESSING RELATIONSHIPS
Using letters or symbols

EQUATIONS

The mass of the square 
plus 2 kg is equal to the 
mass of the 5 kg and 
3 kg balls.

5. LINEAR EQUATIONS

What do we do with it?

If we equate two expressions, what do we get?

ALGEBRAIC LANGUAGE

The mass of the 
square is 6 kg.

Step 1

Step 2

Step 3

Step 𝑛

Algebraic expression

€4.50 €4.50

When the expressions 
are equivalent, we get an 

identity.

Double a number minus 4 
is never equal to double the 

same number plus 3.

Infinite solutions No solution

2(𝑥 − 2)1
7
 𝑥 +

 9 2𝑥 − 4

3(𝑥 + 1) − 𝑥

One solution

 4𝑥 + 9



7 2

2 18

20

9

3 2

9
3

7 = 3𝑥 − 2

9 = 3𝑥

3 = 𝑥

3𝑥 − 18 = 9

𝑥 − 18 = 2

5𝑥 + 1 = 3𝑥 + 7
5𝑥 = 3𝑥 + 6
2𝑥 = 6
𝑥 = 3

– 1 – 1
– 3𝑥
: 2

– 3𝑥
: 2

𝑛 + 𝑛 + 1 + 𝑛 + 2 = 300

3𝑛 + 3 = 300

3𝑛 = 297

	 𝑛 = 99: 3
− 3

: 3
− 3

4 + 𝑥
5
 = 𝑥

2
 + 10

40 + 2𝑥 = 5𝑥 + 100

-60 + 2𝑥 = 5𝑥

-60 = 3𝑥

-20 = 𝑥

− 2𝑥

− 100

· 10

− 2𝑥

− 100

· 10

: 3: 3

3(𝑥 − 5) = 4 − 2(2𝑥 + 5)

3𝑥 − 15 = 4 − 4𝑥 − 10

3𝑥 − 15 = -4𝑥 − 6

7𝑥 − 15 = -6

7𝑥 = 9

𝑥 = 9
7

+ 4𝑥 + 4𝑥

+ 15+ 15

: 7 : 7

�

𝑥 = 20
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FINDING THE UNKNOWN VALUE

SOLVING SITUATIONS

PROPERTIES

When the unknown value appears on just 
one side of the equation, you can use the 

cover-up strategy.

Solve equations using the necessary steps:

When the unknown value appears on both 
sides of the equation, you can apply the 

scales model (bearing in mind that it has 
certain limitations).

Remove the
brackets.

Linear Non-linear

A good strategy is to multiply both sides by 
the lcm of the denominators.

Remove the 
denominators.

Group 
terms together.

Isolate the 
unknown on one 

side.

Find
the solution.

•	 If we add, subtract, multiply, or divide both sides of an equation by the same number, the 
equality is maintained and the solution is the same.

•	 There are multiple orders in which you can carry out the transformations to solve an 
equation. Some, however, are more efficient than others.

What three consecutive numbers add to 300?

1.	Identify the variables. 

2.	Translate the condition 
into an equation.  

3.	Solve the equation. 

4.	Answer the question based on the 
solution to the equation. 

𝑛 the first number

𝑛 + 1 the consecutive number

𝑛 + 2 the number after the consecutive number

99, 100, and 101 
add to 300.

With one unknown With more than one 
unknown

Price list

€5.10

€5.10

€4.40

€5.60 €4.80



90°

60° 30°

180°

180°

180°
180°

4 · 180° = 720°

5 5

3

40° 50°

4
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6. TRIANGLES AND PYTHAGORAS

2D SHAPES TRIANGLES

What do we do with them?

BUILD

Using drawing instruments or digital tools:

•	 Triangles based on the 
three sides

•	 Triangles based on 
sides and angles

CLASSIFY

By sides

B
y 

an
gl

es

MEASURE

Angles

Lengths (perimeter)

Area

The sum of the 
interior angles 
in any triangle is 
always 180°.

Triangulating 
a polygon helps 
calculate the sum 
of its interior 
angles.

Perimeter = 3.3 + 5.6 + 6.5 = 15.4 cm

Perimeter = the sum of 
the lengths of the sides

The area of a triangle 
stays the same no 

matter which base is 
used.

Area = base · height
2 Area =  5.6 · 3.3

2
= 9.2 cm2

Area =  6.5 · 2.84
2

= 9.2 cm2
2.84 cm

6.5 cm

5.6 cm3.3 cm

6.5 cm

5.6 cm3.3 cm

Decomposition

Complementary

To calculate areas of 
other shapes:

Scalene Isosceles

Acute-angled

Right-angled

Obtuse



𝑥2 = 62 + 82

𝑥2 = 36 + 64
𝑥2 = 100

42 = 22 + 𝑥2

16 = 4 + 𝑥2

12 = 𝑥2

𝑥 = �100  = 10 cm 𝑥 = -�100 = -10 cm

6 cm

8 cm

𝑥

4 m 4 m

4 m
2 m

𝑥

{1, 3, 3}{2, 2, 3}

25 < 16 + 17  25 = 9 + 16  25 > 10 + 9 

16 u2

25 u2

17 u2

9 u2

25 u2

16 u2 9 u2

25 u2

10 u2

h = 5 cm

10

26

24

a = 3 cm

b = 4 cm

52 = 32 + 42
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PROPERTIES
Pythagoras’ Theorem

From a geometric point of view:

From an algebraic point of view 
(for right-angled triangles):

Visual proof Generalizations

if, and only if, when 
forming the square 
on each of its sides, 

the area of the largest 
square is

A triangles 
is

acute-angled less than

right-angled equal to

Obtuse-angled greater than

than the sum 
of the areas of 
the other two 

squares.

Let a and b be the short sides (legs), 
and h the longest side (hypotenuse). 

The following relationship holds:
h2 = a2 + b2

SOLVING SITUATIONS

Find all the triangles with a 
given perimeter and integer-

length sides 

Calculating Unknown Distances

For example, with 7 toothpticks:

𝑥 = �12  = 3.46... ≈ 3.46 m 𝑥 = -�12  = -3.46... ≈ -3.46 m

We rule out the negative solutions due to the context.
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